Vector valued $q$-variation for differential operators and semigroups II by Hong, Guixiang & Ma, Tao
ar
X
iv
:1
41
1.
12
54
v2
  [
ma
th.
FA
]  
6 D
ec
 20
14
VECTOR VALUED q-VARIATION FOR DIFFERENTIAL
OPERATORS AND SEMIGROUPS II
GUIXIANG HONG* AND TAO MA
Abstract. In this paper, we establish UMD lattice-valued variational
inequalities for differential operators, ergodic averages and analytic semi-
groups. These results generalize, on the one hand some scalar-valued
variational inequalities in ergodic theory, on the other hand Xu’s very
recent result on UMD lattice-valued maximal inequality. As a conse-
quence, we deduce the jump estimates and obtain quantitative informa-
tion on the rate of the pointwise convergence.
1. Introduction
Let (Ω, µ) be a measure space and B be a Banach space. A submarkovian
C0 semigroup (Tt)t≥0 acting on L
p(Ω) extends to a semigroup of operators
on Lp(Ω;B). Cowling and Leinert showed in [5] that
‖Ttf(ω)− f(ω)‖ → 0, a.e. ω ∈ Ω, as t→ 0
+(1.1)
for any Banach space B and any f ∈ Lp(Ω;B) with 1 < p < ∞, where
‖ · ‖ means taking B-norm. The predecessor of this result is the one [33] by
Taggart where the convergence was shown only for Banach spaces having
UMD property.
When B is a Banach lattice of measurable functions on a measure space
(Σ, ν), B-valued functions on Ω can be viewed as scalar-valued functions on
Ω × Σ. Different from previous paper [9], in this paper, we are concerned
with the question whether we have
Ttf(ω, σ)→ f(ω, σ), a.e. (ω, σ) ∈ Ω× Σ, as t→ 0
+(1.2)
for any Banach lattice B and any f ∈ Lp(Ω;B) with 1 < p <∞? A priori the
answer would seem to be no, since then Stein’s principle [31] would imply a
vector-valued maximal inequality would hold for all Banach lattices, which
is false since then all Banach lattices have H.L. property which contradict
with the fact that ℓ1 does not have H.L. property (see [23]).
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On the other hand, Xu [34] has recently established a Banach lattice-
valued maximal inequality which implies the pointwise convergence (1.2)
via Banach principle under the condition that B is an UMD lattice.
In this paper, we prove that if B is an UMD lattice, some Banach lattice-
valued variational inequalities still hold which immediately imply the point-
wise convergence of the underlying family of operators without using the
Banach principle. Moreover, the variational inequalities provide us the quan-
titative information of the rate of the convergence.
The scalar-valued variational inequalities have been studied a lot in prob-
ability, ergodic theory and harmonic analysis. The first variational inequal-
ity was proved by Le´pingle [17] for martingales which improves the clas-
sical Doob maximal inequality (see also [29] for a different approach and
related results). Thirteen years later, Bourgain in [2] proved the variational
inequality for the ergodic averages of a dynamic system, which has inau-
gurated a new research direction in ergodic theory and harmonic analysis.
Bourgain’s work was considerably improved and extended to many other
operators in ergodic theory. For instance, Jone et al in [11] and [12] estab-
lished variational inequalities for differential operators and ergodic averages
of measure-preserving invertible transforms. On the other hand, almost
in the same period, variational inequalities have been studied in harmonic
analysis too. The first works on this subject are [3] and [4] where Campbell
et al proved the variational inequalities for singular integrals. Since then
variational inequalities for different kinds of operators in harmonic analysis
have been built; see e.g. [6], [14], [21], [22], [23], [25].
Among the works, we would like to mention the results obtained recently
by (Ma/Torrea/Xu [19]) Le Merdy/Xu [16], where (weighted) variational
inequalities for (differential operator) semigroups were established, as well as
Xu [34] where vector-valued H∞ functional calculus for analytic semigorups
on vector-valued Lp spaces was built. The results or idea in these papers
will be exploited in the present paper.
To state our results, we need to recall the definition of the q-variation.
Give a sequence (an)n≥0 of complex number and a number 1 ≤ q <∞, the
q-variation norm is defined as
‖(an)n≥0‖vq = sup{(|an0 |
q +
∑
k≥1
|ank − ank−1 |
q)
1
q }
where the supremum runs over all increasing sequences (nk)k≥0 of integers.
It is clear that the set of vq of all sequences with a finite q-variation is
a Banach space for the norm vq. A continuous analog of vq is defined as
follows. Given a family (at)t>0 of complex numbers, define
‖(at)t>0‖Vq = sup{(|at0 |
q +
∑
k≥1
|atk − atk−1 |
q)
1
q }
3where the supremum runs over all increasing sequences (tk)k≥0 of positive
real numbers. Then we define Vq to be the Banach space of all (at)t>0 with
Vq-norm finite.
The main result of this paper is stated as follows. Let (Tt)t≥0 be a bounded
analytic semigroup on Lp(Ω) with 1 < p < ∞ and assume that Tt is a
contractively regular for any t ≥ 0. Let 2 < q <∞ and B be an UMD lattice
having Fatou property. Then for any f ∈ Lp(Ω;B), the family (Ttf)t>0
belongs to Vq for a.e. (ω, λ) ∈ Ω× Σ and we have an estimate∥∥‖(ω, λ)→ (Ttf(ω, λ))t>0‖Vq∥∥Lp(Ω;B) ≤ Cp,q‖‖f‖‖p, ∀f ∈ Lp(Ω;B).(1.3)
Some comments on this result are in order. First of all, the semigroup
under consideration is much general than the one in Cowling and Leinert,
since analytic and contractively regular is a much weaker condition than
submarkovian (see e.g. [7] and [27]). Secondly, inequality (1.3) allows us to
conclude the convergence (1.2) and the speed of the convergence, see Section
5 for the statements; Thirdly, this result can be regarded as a Banach lattice-
valued version of Corollary 4.5 in [16] by Le Merdy and Xu; Finally, this
result immediately implies the main result-Theorem 2 of [34] by Xu in the
radial case.
A priori, the kind of Banach lattice valued inequality as (1.3) is difficult to
deal with, since it is well known that the Banach lattice valued inequalities
are closely related to the weighted norm inequality in the harmonic analy-
sis, and there is lack of the theory of weighted norm in the general ergodic
setting. However, the arguments used in the scalar valued case [16] is very
powerful, where pointwise estimates are used, so that the general pattern
can be adapted to the vector-valued case with more efforts. More precisely,
as in [16] we will deduce inequality (1.3) from a similar estimate for discrete
semigroups using an approxiamtion argument based on the semigroup prop-
erty, which in turn relys on a similar estimate for ergodic averages M(Tt)’s
(see Section 3 for the definition)
‖(Mn(Tt)f)n≥0‖Lp(B(vq))‖ ≤ Cp,q‖‖f‖‖p, ∀f ∈ L
p(Ω;B)(1.4)
and Banach lattice-valued Littlewood-Paley inequality
∥∥∥∥∥∥
(
∞∑
n=0
1
n+ 1
|(n+ 1)T nt (Tt − I)(f)|
2
) 1
2
∥∥∥∥∥∥
Lp(B)
≤ Cp‖‖f‖‖p, ∀f ∈ L
p(Ω;B).
(1.5)
The estimate (1.4) will be proved through transference technique from
the particular case, that is, the ergodic averages of the shift on Z,
‖(Anf)n≥0‖Lp(B(vq))‖ ≤ Cp,q‖‖f‖‖p, ∀f ∈ L
p(Z;B),(1.6)
for which we exploit a ergodic variant of Rubio’s extrapolation theorem [30],
based on the weighted norm inequality established in [19]. This approach is
very different from the one used for the vector-valued variational inequality
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considered in [9], where all the arguments in the scalar-valued case should
be adapted.
The estimate (1.5) will be shown through approximation arguments based
on the semigroup property and a continuous version of (1.5) established by
Xu in [34] using vector-valued H∞ functional calculus. We also explain
shortly how one can adapt the arguments in [15] to deduce inequality (1.5)
for any single analytic operator (replacing Tt by T ) from Xu’s vector-valued
H∞ functional calculus.
Our paper is organized as follows. In Section 2, we prove inequality (1.6)
and the related results. In section 3, by transference principle, we show
variational inequality (1.4) for ergodic averages. In section 4, the varia-
tional inequality for the semigroups itself will be proved, based on (1.4)
and Littlewood-Paley inequality (1.5). In the last section, we establish in-
dividual (pointwise) ergodic theorems and the quantitative formulation of
convergence.
2. Differential operators
Let B be a Banach lattice of measurable functions on a measure space
(Σ, ν). For B-valued function f defined on Z, we define the differential
operators for any integer n ≥ 0 as
Anf(j) =
1
n+ 1
n∑
k=0
f(j + k).
The main result of this section is stated as follows.
Theorem 2.1. Let B be an UMD lattice. Let 1 < p < ∞ and 2 < q < ∞.
Then there exists an absolute constant Cp,q such that
‖(Anf)n≥0‖Lp(B(vq)) ≤ Cp,q‖f‖Lp(B), ∀f ∈ L
p(Z;B).(2.1)
Remark 2.2. When B = ℓr with 1 < r <∞, Theorem 2.1 is the unweighted
case of Theorem 4.1 in [19] which is shown by the extrapolation theorem.
In the case Rn, a deep result by Rubio-Theorem 5 of [30] says that UMD
lattice-valued inequality can be deduced from the weighted norm inequality.
We show below a similar result still holds in the case Z. Then Theorem 2.1
will follow immediately from this result since the weighted norm inequality
has been built in [19].
Proposition 2.3. Let 1 < p < ∞, B be an UMD lattice, and let S be a
not necessarily linear operator which is bounded in Lp(Z, w) for all w ∈ Ap.
Then S(f)(n, λ) = S(f(·, λ))(n) is bounded in Lp(Z;B).
As argued by Rubio, we need a lemma (Lemma 1 in [30]), which finds a
deep connection between vector-valued extension and weighted norm esti-
mate. We state it here for convenience.
5Lemma 2.4. Let Y be a superreflexive Banach lattice of measurable func-
tions in (Ω, dw), and let T : Y → Y be a bounded linear operator. If Y is a
p-convex, the following two statements are equivalent:
(i) T has an extension T˜ : Y (ℓp)→ Y (ℓp), i.e.∥∥∥∥∥∥∥

∑
j
|Tyj|
p


1
p
∥∥∥∥∥∥∥
Y
≤ C1
∥∥∥∥∥∥∥

∑
j
|yj|
p


1
p
∥∥∥∥∥∥∥
Y
;
(ii) For every u ∈ (Y p)∗, there exists w ∈ (Y p)∗ such that
u ≤ w, ‖w‖(Y p)∗ ≤ 2‖u‖(Y p)∗
and ∥∥∥∥
∫
Ω
|Ty|pu
∥∥∥∥
1
p
≤ C2
∥∥∥∥
∫
Ω
|y|pw
∥∥∥∥
1
p
where Y p is the p-convexification of Y .
Remark 2.5. The implication from (ii) to (i) consists of an elementary
application of the duality between Y p and (Y p)∗, hence the operator T is
not necessarily linear.
Proof. Since UMD implies superreflexivity, every UMD lattice B is p0-convex
for certain 1 < p0 <∞. Fix 1 < p < p0. Since B(ℓ
p) is still an UMD Banach
space, by Theorem 2.8 of [1], the discrete Hilbert transform, defined as
Hdisc((an)n)(m) =
∑
n 6=m
an
n−m
is bounded in Lrp(Z;B(ℓp)) for all 1 < r < ∞. Then apply Lemma 2.4 to
Y = Lrp(Z;B) which is obviously p-convex, we have∑
n∈Z
∫
Σ
|Hdiscf(n, λ)|
pw(n, λ)dν(λ) ≤ C
∑
n∈Z
∫
Σ
|f(n, λ)|pw(n, λ)dν(λ)
for any w ∈ (Y p)∗ and any f ∈ Lp(Z;B). In particular, apply this estimate
for the function f(n, λ) = a(n)χE(λ), where a is a finite sequence and E is
a subset of Σ of finite measure. Then Hdiscf(n, λ) = χE(λ)Hdisc(a)(n), and
we obtain∑
n∈Z
|Hdisc(a)(n)|
pw(n, λ) ≤ C
∑
n∈Z
|a(n)|pw(n, λ), a.e. λ ∈ Σ,
which implies, by Theorem 10 in [10], w(·, λ) belong to Ap for a.e. λ ∈ Σ.
Then by our assumption, S is bounded in Lp(Z, w) for all w ∈ Ap, we deduce
that for any w ∈ (Y p)∗,∑
n∈Z
∫
Σ
|Sf(n, λ)|pw(n, λ)dν(λ) ≤ C
∑
n∈Z
∫
Σ
|f(n, λ)|pw(n, λ)dν(λ).
Use again Lemma 2.4 (noting the remark afterwards), we obtain
‖Sf‖Lrp(B) ≤ C‖f‖Lrp(B),
6 GUIXIANG HONG* AND TAO MA
which implies the desired result by noting that p varies between 1 < p < p0
and r varies between 1 < r <∞. 
From the proof, a high dimensional version of Proposition 2.3 would also
be true if we could find an operator T on Zd playing the role of Hdisc on Z
such that
(i) For any UMD lattice B and any 1 < p <∞, we have T is bounded on
Lp(Zd;B);
(ii) If T is bounded on Lp(Zd, w) for all p > 1 but close to 1 then w must
belong to the Ap-weights class on Z
d.
These results will appear elsewhere. On the other hand, in the case Rd,
the operator
∑d
j=1Rj with Rj ’s Riesz transforms satisfies the condition (i)
(see e.g. [35]) and (ii) (see e.g. P. 321 in [8]), hence similar UMD lattice-
valued variational inequalities as inequality 2.1 are true since the weighted
norm inequalities for q-variation on Rd has been established recently by Ma,
Torrea and Xu [20].
At the end of this section, we would like to show that the result in the
case R can be deduced from the one in the case Z using an approximation
argument without using the weighted theory and Rubio’s result. For any
positive real number t > 0, we define
Atf(s) =
1
t
∫ t
0
f(r + s)dr,∀f ∈ L1,loc(R;B).
Corollary 2.6. Let 2 < q < ∞, B be an UMD lattice having Fatou prop-
erty and let f ∈ Lp(Ω;B). Then for a.e. (ω, λ) ∈ (Ω × Σ), the family
((Atf)(ω, λ))t≥0 belongs to B(Vq) and∥∥(ω, λ)→ ‖((Atf)(ω, λ))t≥0‖B(Vq)∥∥p ≤ Cp,q‖‖f‖‖p.
To prove this Corollary, we need the following lemma.
Lemma 2.7. Let (ft)t>0 be a family of L
p(Ω;B) with B having Fatou prop-
erty and assume that:
(i) For a.e. (ω, λ) ∈ Ω × Σ, the function t → ft(ω, λ) is continuous on
(0,∞);
(ii) There exists a constant C > 0 such that whenever t0 < t1 < · · · < tN
is a finite increasing sequence of positive real numbers, we have
‖(ft0 , ft1 , · · · , ftN )‖Lp(Ω;B(vq)) ≤ C.
Then (ft(ω, λ))t>0 belongs to Vq for a.e. (ω, λ) ∈ Ω × Σ, the function
(ω, λ)→ ‖(ft(ω, λ))t>0‖Vq belongs to L
p(Ω;B) and∥∥(ω, λ)→ ‖(ft(ω, λ))t>0‖Vq‖∥∥Lp(B) ≤ C.
This lemma can be proved using the same argument for Lemma 2.2 in
[16], since F has Fatou property. We refer to [18] for more information on
Banach lattices and related properties.
Now we are at a position to give the proof of Corollary 2.6.
7Proof. First of all, note that the function t→ (Atf)(ω, λ) is continuous for
a.e. (ω, λ) ∈ (Ω × Σ). Use the strong continuity of At in L
p(R;B) (see e.g.
[33]), for fixed positive numbers t0 < t1 < · · · < tN and ε, there exist η > 0
and positive integers n0, · · · , nN such that
‖Atk (f)−Ank(f(η·))‖Lp(B) < ε ∀0 ≤ k ≤ N.
Hence by Theorem 3.2 and a limit argument, we deduce that
‖At0f,At1f, · · · , Atmf‖Lp(B(vq)) ≤ Cp,q‖‖f‖‖p.
The desired result therefore follows from Lemma 2.7. 
3. Ergodic averages
It is well known that many results in harmonic analysis on Z can be
transferred to the ergodic theory. In this section, we will show that the
vector-valued q-variation for the ergodic averages is also bounded on Lp(B)
with 1 < p < ∞. Let (Ω1, µ) and (Ω2, µ) be two measure spaces. An
operator T : Lp(Ω1)→ L
p(Ω2) is called contractively regular if the following
inequality holds ∥∥∥∥∥supk≥1 |T (xk)|
∥∥∥∥∥
Lp(Ω1)
≤
∥∥∥∥∥supk≥1 |xk|
∥∥∥∥∥
Lp(Ω2)
.
for any finite sequence (xk)k≥1 in L
p(Ω1). Any contractively regular operator
T can be extended to a contractive operator on the Bochner space Lp(Ω1;E)
for any Banach space E, i.e.
‖T ⊗ IE : L
p(Ω1;E)→ L
p(Ω2;E)‖ ≤ 1.(3.1)
In this paper, any extension of any operator S will be still denoted by S
when no confusion occurs.
Obviously, positive contractions are regular. On the other hand, it is
easy to check that if T is a contraction on L1(Ω1) and L
∞(Ω1), then T is
contractively regular on Lp(Ω1). We refer to [24], [26] and [28] for more
details and complements.
Let T : Lp(Ω) → Lp(Ω) be a contractively regular operator. For any
integer n ≥ 0, the ergodic averages of T is defined as
Mn(T ) =
1
n+ 1
n∑
k=0
T k.
The main result of this section is the following theorem.
Theorem 3.1. Let T be a contractively regular operator on Lp(Ω) with
1 < p <∞. Let 2 < q <∞ and B be an UMD lattice having Fatou property.
Then there exist a constant Cp,q such that
‖(Mn(T )f)n≥0‖Lp(B(vq))‖ ≤ Cp,q‖‖f‖‖p, ∀f ∈ L
p(Ω;B).(3.2)
This proof is based on the transference principle, together with Theorem
2.1 .
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Proof. By the dilation theorem for regular operator (see e.g. [26]), There
exists another measure space (Ωˆ, µˆ), two positive contractions J : Lp(Ω)→
Lp(Ωˆ) and Q : Lp(Ωˆ) → Lp(Ω) and an isometric invertible operator U :
Lp(Ωˆ)→ Lp(Ωˆ) such that
T k = QUkJ, k ≥ 0.
Moreover U can be chosen so that U and U−1 are both contractively regular.
Thus ‖U j‖r = 1 for any j ∈ Z.
Given f ∈ Lp(Ω;B). Since B has Fatou property, it is easy to check that
‖(Mn(T )f)n≥0‖Lp(B(vq)) = lim
N→∞
‖(Mn(T )f)0≤n≤N‖Lp(B(vq)).
Now fix an integer N ≥ 1. For any n ≥ 0, we clearly have
Mn(T ) = QMn(U)J.
Since ‖Q‖r ≤ 1, it follows from (3.1) that
‖(Mn(T )f)0≤n≤N‖Lp(Ω;B(vq)) ≤ ‖(Mn(U)J(f))0≤n≤N‖Lp(Ωˆ;B(vq)).(3.3)
Using the regularity of U−1, we have
‖(Mn(U)J(f))0≤n≤N‖Lp(Ωˆ;B(vq)) = ‖(Mn(U)U
−ℓU ℓJ(f))0≤n≤N‖Lp(Ωˆ;B(vq))
≤ ‖(Mn(U)U
ℓJ(f))0≤n≤N‖Lp(Ωˆ;B(vq))
for any integer ℓ. Hence for any positive integer L, we have
‖(Mn(U)J(f))0≤n≤N‖
p
Lp(Ωˆ;B(vq))
≤
1
L
L∑
ℓ=0
‖(Mn(U)U
ℓJ(f))0≤n≤N‖
p
Lp(Ωˆ;B(vq))
=
1
L
∫
Ωˆ
L∑
ℓ=0
‖(Mn(U)U
ℓJ(f))0≤n≤N‖
p
B(vq))
dωˆ.
Now we define a B-valued function on Z×Ωˆ, g(k, ωˆ) = χ0,N+L(k)U
kJ(f)(ωˆ).
Then
Mn(U)U
ℓJ(f)(ωˆ) =
1
n+ 1
n∑
k=0
Uk+ℓJ(f)(ωˆ) = An(g(·, ωˆ))(ℓ).
Now apply Theorem 2.1, using the regularity of U and J , we have
‖(Mn(U)J(f))0≤n≤N‖
p
Lp(Ωˆ;B(vq))
≤ Cpp,q
1
L
∫
Ωˆ
N+L∑
ℓ=0
‖g(ℓ, ωˆ)‖pBdωˆ
≤≤ Cpp,q
1
L
∫
Ωˆ
N+L∑
ℓ=0
‖J(f)(ωˆ)‖pBdωˆ ≤
N + L
L
Cpp,q‖f‖
p
Lp(B).

9A continuous version of Theorem 3.1 holds still true. Given a strongly
continuous semigroup T = (Tt)t≥0 on L
p(Ω), we let
Mt(T ) =
1
t
∫ t
0
Tsds, t > 0,
defined in the strong sense.
Corollary 3.2. Let T = (Tt)t≥0 be a strongly continuous semigroup on
Lp(Ω) and assume that Tt : L
p(Ω)→ Lp(Ω) is contractively regular for any
t ≥ 0. Let 2 < q < ∞, B be an UMD lattice having Fatou property and let
f ∈ Lp(Ω;B). Then for a.e. (ω, λ) ∈ (Ω×Σ), the family ((Mt(T )f)(ω, λ))t≥0
belongs to Vq and∥∥(ω, λ)→ ‖((Mt(T )f)(ω, λ))t≥0‖Vq∥∥p ≤ Cp,q‖‖f‖‖p.
This corollary can be proved in a similar way as Corollary 2.6.
Remark 3.3. Obviously, Corollary 3.2 implies
‖(ω, λ)→ ‖((Mt(T )f)(ω, λ))t≥0‖∞‖p ≤ Cp‖‖f‖‖p
for any f ∈ Lp(Ω;B), which is exactly Xu’ Theorem 1 in [34].
4. Analytic semigroups
In this section, we show that the inequality in Corollary 3.2 holds still
true when the ergodic averages are replaced by the semigroups themselves
with an analyticity assumption. An operator T on Lp(Ω) is called analytic,
if supn≥0 n‖T
n − T n−1‖ < ∞. We refer the reader to [15] for more facts
about analyticity. The following result is about the discrete contractively
regular operators.
Theorem 4.1. Let 1 < p < ∞, 2 < q < ∞ and B be an UMD lattice
having Fatou property. Let T be a contractively regular analytic operator on
Lp(Ω). Then for any f ∈ Lp(Ω;B) the family (T nf)n>0 belongs to vq for
a.e. (ω, λ) ∈ Ω× Σ and we have an estimate∥∥(ω, λ)→ ‖(T nf(ω, λ))n>0‖vq∥∥Lp(Ω;B) ≤ Cp,q‖‖f‖‖p, ∀f ∈ Lp(Ω;B).(4.1)
We will follow the strategy used in the scalar valued case [16], where
the authors improved a lot the original Stein’s idea [32] to deal with the
much stronger q-variaiton. And it turns out this new improvement is strong
enough to enable us to deal with the vector-valued case. As in [16], we need
the following lattice-valued square functions.
Proposition 4.2. Let 1 < p < ∞ and B be an UMD lattice. Let T be a
contractively regular analytic operator on Lp(Ω). Then∥∥∥∥∥∥
(
∞∑
n=0
(n+ 1)|T n+1f − T nf |2
) 1
2
∥∥∥∥∥∥
Lp(B)
≤ Cp‖‖f‖‖p,(4.2)
with Cp only depending on p and B.
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This result will be proved after we show Theorem 4.1. With the square
function estimates, the proof of Theorem 4.1 can be done in a similar way as
that in the scalar valued case. We explain concisely the sketch of the proof,
and refer the readers to Theorem 4.4 in [16] for the details we omit here.
Proof. We begin with the following identity
T 2n+1 =
1
n
2n∑
j=n
(j + 1)T j(T − I)−
n+ 1
n
(T 2n+1 − T n)
+
2n+ 1
n
M2n(T )−
n+ 1
n
Mn(T )
= An −
n+ 1
n
Bn +
2n+ 1
n
M2n(T )−
n+ 1
n
Mn(T ),
where
An =
1
n
2n∑
j=n
(j + 1)T j(T − I), Bn = T
2n+1 − T n.
To finish the proof, it suffices to prove
(4.3) ‖(An(f))n≥0‖Lp(B(vq)) ≤ Cp,q‖‖f‖‖p
and
‖(Bn(f))n≥0‖Lp(B(vq)) ≤ Cp,q‖‖f‖‖p,(4.4)
for all f ∈ Lp(Ω;B). Since then by Lemma 4.3 in [16] and Theorem 3.1, we
have
‖(
n+ 1
n
Bn(f))n≥0‖Lp(B(vq))
≤ 3‖(
n + 1
n
)n≥0‖v1‖(Bn(f))n≥0‖Lp(B(vq)) ≤ Cp,q‖‖f‖‖p,
as well as
‖(
2n + 1
n
M2n(T )(f))n≥0‖Lp(B(vq)), ‖(
n + 1
n
Mn(T )(f))n≥0‖Lp(B(vq))
≤ Cp,q‖‖f‖‖p,
and finally
‖(T n(f))n≥0‖Lp(B(vq))
= ‖(T 2n+1(f)−Bn(f))n≥0‖Lp(B(vq)) ≤ Cp,q‖‖f‖‖p,
by using twice triangle inequalities.
Furthermore, using the same arguments in [16], for any fixed (ω, σ) ∈
Ω× Σ, we can show
‖(An(f)(ω, σ))n≥0‖vq , (Bn(f)(ω, σ))n≥0‖vq
≤ C
(
∞∑
n=0
(n+ 1)|(T n+1f − T nf)(ω, σ)|2
) 1
2
.
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Thus the desired estimates (4.3) and (4.4) follow from Proposition 4.2. 
A scalar valued versin of Proposition 4.2 has been obtained in [16], where
the authors used the theory of H∞ functional calculus. The proof is very
complicated. Actually, the proof of square function estimates constitutes
the large portion of the paper [15]. Recently, Xu [34] has established H∞
functional calculus for analytic semigroups on vector-valued Lp spaces, which
allows us to adapt the idea in [16] to the vector-valued square function
estimates (4.2). Let us give a sketch of the proof. We refer the readers to
Theorem 3.3 in [15] for the details we omit here.
Proof. Define a sequence of functions on C, Fn(z) = n
1/2zn−1(z − 1). Its
γ-norm is defined as
‖(Fn)n≥1‖γ = sup{
(∑
n≥1
|Fn(z)|
2
)1/2
, z ∈ Bγ}
where Bγ is the convex hull of 1 and the disc D(0, sin γ) with γ being any
real number w(A) < γ < π/2 and w(A) being the type of A = I − T . It is
easy to check ‖(Fn)n≥1‖γ <∞ (see e.g. [16]). The aim is to show
‖
(∑
n≥1
|Fn(T )f |
2
)1/2
‖Lp(B) ≤ Cp‖(Fn)n‖γ‖f‖Lp(B).
Define Gn(z) = Fn(1 − z). Since 1 < p < ∞ and B being UMD whence
reflexive, by duality
‖
(∑
n≥1
|Fn(T )f |
2
)1/2
‖Lp(B) = sup{|
∑
n≥1
〈Gn(A)f, gn〉|, (gn)n ∈ L
p′(B∗(ℓ2))}.
Using Dunford functional calculus, we have
Gn(A) =
1
πi
∫
Lγ
Gn(λ)A(λ−A)
−1(λ+A)−1dλ
where Lγ is the boundary of 1−Bγ oriented counterclockwise. Hence
〈Gn(A)f, gn〉 =
1
πi
∫
Lγ
Gn(λ)〈A(λ −A)
−1(λ+A)−1f, gn〉dλ
=
1
πi
∫
Lγ
Gn(λ)〈A
1/2(λ−A)−1f, (A∗)1/2(λ+A∗)−1gn〉dλ.
Then by Ho¨lder inequality
|
∑
n≥1
〈Gn(A)f, gn〉| ≤
1
π
‖
( ∫
Lγ
∑
n
|Gn(λ)A
1/2(λ−A)−1f |2|dλ|
)1/2
‖Lp(B)
× ‖
( ∫
Lγ
∑
n
|(A∗)1/2(λ+A∗)−1gn|
2|dλ|
)1/2
‖Lp′ (B∗)
=
1
π
I × II.
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The term I can be further estimated as
I ≤ sup
λ∈Lγ
(
∑
n≥1
|Gn(λ)|
2)1/2‖
( ∫
Lγ
|A1/2(λ−A)−1f |2|dλ|
)1/2
‖Lp(B)
= ‖(Fn)n‖γ‖
( ∫
Lγ
|A1/2(λ−A)−1f |2|dλ|
)1/2
‖Lp(B).
Thus we are reduced to prove
‖
( ∫
Lγ
|A1/2(λ−A)−1f |2|dλ|
)1/2
‖Lp(B) ≤ Cp,q‖f‖Lp(B)(4.5)
and || ≤ Cp′,q‖(gn)n‖Lp′ (B∗(ℓ2)), which can be also reduced to the estimates
of the form (4.5) using Khintchine’s inequality and Fubini’s theorem (see
[15])
‖
( ∫
Lγ
|(A∗)1/2(λ+A∗)−1g|2|dλ|
)1/2
‖Lp′ (B∗) ≤ Cp,q‖g‖Lp′ (B).(4.6)
The two estimates (4.5) and (4.6) are the vector-valued version of (3.4)
and (3.5) in [15], which can be obtained by the same arguments in [15] but
using vector-valued results of H∞ functional calculus established recently in
[34].

Remark 4.3. If we define the m-difference sequence of (T n)n≥0 for T :
Lp(Ω)→ Lp(Ω), (∆mn )n≥0 as
∆mn ≡ ∆
m
n (T ) = T
n(T − I)m,
we then have a m order version of square functions estimates using similar
arguments (see [15] and [34])∥∥∥∥∥∥
(
∞∑
n=0
1
n+ 1
|(n + 1)m+1∆m+1n (f)|
2
) 1
2
∥∥∥∥∥∥
Lp(B)
≤ Cp,m‖‖f‖‖p.
Thus using similar arguments in the proof of Theorem 4.1 (see [16]), we
obtain m order version of Theorem 4.1
‖(nm∆mn (f))n≥1‖Lp(B(vq)) ≤ Cp,q,m‖‖f‖‖p, ∀f ∈ L
p(Ω;B).(4.7)
Now let us state the variational inequality for the continuous analytic
semigroup.
Corollary 4.4. Let 1 < p < ∞, 2 < q < ∞ and B be an UMD lattice
having Fatou property. Let (Tt)t≥0 be a bounded analytic semigroup on L
p(Ω)
and assume that Tt is a contractively regular for any t ≥ 0. Then for any
f ∈ Lp(Ω;B), the family (Ttf)t>0 belongs to Vq for a.e. (ω, λ) ∈ Ω× Σ and
we have an estimate∥∥(ω, λ)→ ‖(Ttf(ω, λ))t>0‖Vq∥∥Lp(Ω;B) ≤ Cp,q‖‖f‖‖p, ∀f ∈ Lp(Ω;B).(4.8)
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Remark 4.5. A vector-valued version of the sectorial maximal inequality
has recently been proved by Xu [34].
Proof. We will prove the variational inequality of order m as in the discrete
case (4.7). Let m ≥ 0 be an integer. It follows from the lemma in Page 72
of [32] that the function
t→ tm
∂m
∂tm
(Tt(f))(ω, λ)
is continuous for a.e. (ω, λ) ∈ Ω×Σ. To finish the proof, it suffices to show
that Tt’s satisfy the variational estimates (4.7) uniformly in t. Indeed, then
using an approximation argument as in the proof of Corollary 4.2 in [16],
we deduce that for any 0 < t0 < t1 < · · · < tN , we have
‖tm
∂m
∂tm
(Tt(f))|t0 , t
m ∂
m
∂tm
(Tt(f))|t1 , · · · , t
m ∂
m
∂tm
(Tt(f))|tN ‖Lp(B(vq))
≤ Cp,q‖‖f‖‖p.
The desired result then follows from Lemma 2.7.
Note that Tt’s are analytic uniformly, hence satisfy the estimate (4.2) uni-
formly. And the proof is finished. However, in the following we prefer to give
another proof, which does not depend on Proposition 4.2. We shall deduce
the estimate (4.2) for Tt’s directly from Xu’s square function inequality (see
Proposition 10 of [34])∥∥∥∥(
∫ ∞
0
|sm+1
∂m+1Ts(f)
∂tm+1
|2
ds
s
)1/2∥∥∥∥
Lp(B)
. ‖‖f‖‖p.(4.9)
It is each to check that the estimate (4.2) is equivalent to the following
inequality modulo a constant depending on m,
(4.10)
∥∥∥∥∥∥
(
∞∑
n=0
1
n
|nm+1∆m+1n (Tt)(f)|
2
) 1
2
∥∥∥∥∥∥
Lp(B)
≤ Cm,p‖‖f‖‖p.
Estimates (4.10) will be dealt with in two cases 0 < t < ε and t ≥ ε for
some sufficiently small ε. We first deal with the case 0 < t < ε. Since
(Tt)t≥0 is an analytic semigroup of regular contractions, and B an UMD
lattice, Theorem 4 in [34] yields the generator −A of the semigroup admits
a bounded H∞(Σσ) functional calculus for some σ < π/2. Hence taking
ϕ(z) = zm+1e−z which is a bounded analytic function, then
ϕ(sA) = (sA)m+1e−sA = (−1)m+1sm+1
∂m+1Ts(f)
∂sm+1
.
Then by the lemma in page 72 of [32] and its proof, we can find very small ε
such that for any 0 < t < ε, the left hand side of inequality (4.9) is equivalent
to the quantity∥∥∥∥∥(
∞∑
n=0
n2m+1t2m+2|
∂m+1Ts(f)
∂sm+1
|s=nt|
2
)1/2∥∥∥∥∥
Lp(B)
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which is further equivalent to the left hand side of inequality (4.10) for small
t since the partial derivative insider the sum can be approximated by the
difference quotient
∆m+1n (Tt)
tm+1
.
Estimates (4.10) in the case t ≥ ε follows from the case 0 < t < ε by the
following observation
(
∞∑
n=0
n2m+1|∆m+1n (T2t)(f)|
2
)1
2
≤
(
∞∑
n=0
n2m+1|∆m+1n (Tt)(f)|
2
) 1
2
.(4.11)
Let us prove this observation, first of all, we have the following identity
∆m+1n (T2t) =
m+1∑
k=0
(
m+ 1
k
)
∆m+12n+k(Tt),(4.12)
which can be easily checked as follows by definition
m+1∑
k=0
∆m+12n+k(Tt) =
m+1∑
k=0
(
m+ 1
k
)m+1∑
j=0
(
m+ 1
j
)
(−1)m+1−jT 2n+k+jt
= T 2nt (T + I)
m+1(T − I)m+1 = ∆m+1n (T2t).
By triangle inequality and Jensen inequality, the identity (4.12) implies the
left hand side of inequality (4.11) is smaller than
m+1∑
k=0
(
m+ 1
k
)( ∞∑
n=0
n2m+1|∆m+12n+k(Tt)(f)|
2
) 1
2
≤
m+1∑
k=0
(
m+ 1
k
)(
1
22m+1
∞∑
n=0
(2n+ k)2m+1|∆m+12n+k(Tt)(f)|
2
) 1
2
≤
(
1
22m+1
m+1∑
k=0
(
m+ 1
k
)m+1∑
k=0
(
m+ 1
k
) ∞∑
n=0
(2n+ k)2m+1|∆m+12n+k(Tt)(f)|
2
) 1
2
≤
(
1
22m+1
2m+1
(
m+ 1[
m+1
2
])m+1∑
k=0
∞∑
n=0
(2n+ k)2m+1|∆m+12n+k(Tt)(f)|
2
) 1
2
,
which is controlled by the right hand side of (4.11) due to the fact(
m+ 1[
m+1
2
]) ≤ 2m, ∀m ≥ 0.

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5. Applications
In this section, we discuss about the consequences of the variational in-
equalities. Let T = (Tt)t≥0 be a strongly continuous semigroup of con-
tractively regular operators on Lp(Ω). As argued by Taggart [33], for any
Banach space B and any f ∈ Lp(Ω;B), Ttf → f in the L
p(B)-norm as
t→ 0+. This implies Mt(T )f → f in the L
p(B)-norm as t→ 0+.
Let A denote the infinitesimal generator of T . By mean ergodic theorem,
we have direct sum decomposition
Lp(Ω) = N(A)⊕R(A).
If we let PA : L
p(Ω) → Lp(Ω) denotes the corresponding projection onto
N(A), then
Mt(T )f → PA(f), as t→∞
and if further (Tt)t≥0 is a bounded analytic semigroup, then
Ttf → PA(f), as t→∞
in Lp-norm for any f ∈ Lp(Ω). By similar reason, these limits hold also true
for any f ∈ Lp(Ω;B).
Now applying Corollary 3.2 and Theorem ??, we deduce the following
individual ergodic theorems.
Corollary 5.1. Let T = (Tt)t≥0 be a strongly continuous semigroup of con-
tractively regular operators on Lp(Ω). Let f ∈ Lp(Ω;B) with B an UMD
lattice on (Σ, ν) having Fatou property, then for almost every (ω, λ) ∈ Ω×Σ,
[Mt(T )f ](ω, λ)→ [PA(f)](ω, λ), as t→∞
and
[Mt(T )f ](ω, λ)→ f(ω, λ), as t→ 0
+.
Corollary 5.2. Let T = (Tt)t≥0 be a bounded analytic semigroup on L
p(Ω)
and assume that Tt is contractively regular for any t ≥ 0. Let f ∈ L
p(Ω;B)
with B an UMD lattice on (Σ, ν) having Fatou property, then for almost
every (ω, λ) ∈ Ω× Σ,
[Ttf ](ω, λ)→ [PA(f)](ω, λ), as t→∞
and
[Ttf ](ω, λ)→ f(ω, λ), as t→ 0
+.
These pointwise convergences can be deduced from the corresponding
maximal inequality established recently by Xu in [34] via the Banach princi-
ple. The point of this paper is that Corollary 3.2 and Theorem ?? provides
us quantitative information on the rate of the convergence. This requires
the notion of λ-jump functions. For any λ > 0 and any family a = (at)t≥0 of
complex numbers. One defines N(a, λ) to be the supremum of all integers
N ≥ 0 for which there is an increasing sequence
0 < s1 < t1 ≤ s2 < t2 ≤ · · · ≤ sN < tN
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so that |atk − ask | > λ for each k = 1, · · · , N . It is clear that for any
1 ≤ q <∞,
λqN(a, λ) ≤ ‖a‖qVq .
By Corollary 3.2 and Theorem ??, we immediately obtain the following
jump estimates.
Corollary 5.3. Let T = (Tt)t≥0 be a strongly continuous semigroup of con-
tractively regular operators on Lp(Ω). Let f ∈ Lp(Ω;B) with B an UMD
lattice on (Σ, ν) having Fatou property and 2 < q <∞, then we have∥∥∥ω → N(([Mt(T )f ](ω))t≥0, λ) 1q ∥∥∥
Lp(B)
.
‖f‖Lp(B)
λ
,
and for any K > 0, we also have
µ× ν
{
ω ∈ Ω|N
(
([Mt(T )f ](ω))t≥0, λ
)
> K
}
.
‖f‖Lp(B)
λpK
p
q
.
Corollary 5.4. Let T = (Tt)t≥0 be a bounded analytic semigroup on L
p(Ω)
and assume that Tt is contractively regular for any t ≥ 0. Let f ∈ L
p(Ω;B)
with B be an UMD lattice on (Σ, ν) having Fatou property and 2 < q < ∞,
then we have ∥∥∥ω → N(([Ttf ](ω))t≥0, λ) 1q ∥∥∥
Lp(B)
.
‖f‖Lp(B)
λ
,
and for any K > 0, we also have
µ× ν
{
ω ∈ Ω|N
(
([Ttf ](ω))t≥0, λ
)
> K
}
.
‖f‖Lp(B)
λpK
p
q
.
As in the scalar-valued case (see e.g. [2], [13]), we may expect that the
jump estimate would be true when q = 2. This fact will be proved and
appear elsewhere.
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